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ABSTRACT
Sub-photospheric shock dissipation is one of the main proposed mechanisms for producing the prompt
gamma-ray burst (GRB) emission. Such shocks are mediated by scattering of radiation. We introduce
a time dependent, special relativistic code which dynamically couples Monte Carlo radiative transfer to
the flow hydrodynamics. The code also self-consistently implements electron-positron pair production
and annihilation. We simulate shocks with properties relevant for GRBs and study the steady-state
solutions, which are accurate deep below the jet photosphere. The shock generates a power-law photon
spectrum through the first-order Fermi mechanism, extending upwards from the typical upstream
photon energy. Strong shocks (for which the downstream pressure is much larger than the upstream
pressure) have rising νFν shock spectra. The spectrum extends up to max ≡ Emax/mec2 ∼ v2 for
non-relativistic shocks, where me is the electron rest mass and v is the relative speed between the
upstream and downstream in units of the speed of light c. For mildly relativistic shocks the power
law softens at  & 10−1 due to Klein-Nishina effects, and shocks with vγ >∼ 1, where γ ≡ (1− v2)−1/2,
produce electron-positron pairs. As an example, a strong shock with vγ = 3 and a photon-to-proton
ratio of nγ/np = 2 × 105 has a peak pair-to-proton ratio of Z± ≈ 225. The main effect of pairs in
a steady-state shock is to decrease its spatial width by a factor of ∼ Z±. The post-shock spectrum
thermalizes in the downstream. In absence of emission and absorption processes, kinetic equilibrium
at temperature θd ≡ kTd/mec2 ≈ d/3 is reached at an optical depth of τ  θ−1d behind the shock,
where d is the average downstream photon energy. We discuss the importance of these results for
observations of emission from sub-photospheric shocks.
Keywords: gamma-ray burst: general – plasmas – radiation mechanisms: non-thermal – radiative
transfer – scattering
1. INTRODUCTION
Shocks are ubiquitous in astrophysics. In most
cases, the shocks are collisionless, mediated by collective
plasma effects. The shocks dissipate incoming upstream
kinetic energy, converting it to downstream plasma inter-
nal energy. A fraction of the dissipated energy is given
to the electrons and can be promptly radiated away.
In general, the mechanism of shock dissipation de-
pends on the upstream plasma conditions. In particu-
lar, shocks which occur in environments which are op-
tically thick to scattering can be mediated by radia-
tion. The most prominent examples of radiation me-
diated shocks (RMSs) are found in supernovae (SN) and
long gamma-ray bursts (GRBs). They occur at the
early stages of the stellar explosion, following the en-
ergy release inside the optically thick star. Furthermore,
speed variations within GRB jets are expected to lead
to mildly relativistic internal shocks. They can occur
below the jet photosphere, where the plasma is still op-
tically thick. Energy dissipation by sub-photospheric
shocks have long been proposed as a mechanism for
producing the prompt GRB emission (see e.g. Eichler
& Levinson 2000; Me´sza´ros & Rees 2000; Pe’er et al.
2006; Ryde & Pe’er 2009; Giannios 2012). Levinson
& Bromberg (2008), Bromberg et al. (2011) and Levin-
son (2012) emphasized that sub-photospheric shocks are
in fact mediated by radiation (as opposed to collective
plasma effects). Recently, Beloborodov (2017) (hereafter
B17) performed time-dependent simulations demonstrat-
ing RMS formation in unmagnetized and magnetized
flows.
RMSs differ qualitatively from collisionless shocks in a
few important ways. First, the dissipated kinetic energy
is directly transferred to the radiation through the first
order Fermi mechanism, as opposed to being transferred
to photons via electron internal energy. Second, a RMS
is at least a few photon mean free paths wide, generally
much larger than the Larmor radius of charged parti-
cles, preventing particle acceleration. Third, relativistic
RMSs can heat photons to energies above the electron
rest mass, leading to electron-positron pair production
inside and around the shock. B17 estimated that ∼ 102
pairs per ion should be created in GRB RMSs.
The photon spectrum within the RMS depends on the
number of photons that share the dissipated kinetic en-
ergy. In general, the total number of photons down-
stream of the shock is the sum of photons advected from
the upstream and the new photons generated by the
shock itself. Two qualitatatively different RMSs can then
be identified, depending on the dominant photon source.
The upstream is defined as photon-poor if the newly
produced photons dominate the shock photon number
(Bromberg et al. 2011). This is the case for shocks prop-
agating in a cold stellar envelope. Relativistic photon-
poor RMSs were studied by Katz et al. (2010) and Bud-
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nik et al. (2010). The upstream is defined as photon-rich
if the advection of radiation from the upstream domi-
nates the photon number downstream of the shock. This
is typically the case for RMSs inside the GRB jet (Levin-
son 2012), as the jet consists of photon-rich plasma which
originated close to the hot central engine. RMSs propa-
gating into photon-rich upstreams (approximately) con-
serve photon number.
Non-relativistic photon-rich RMSs were studied by
Weaver (1976), Blandford & Payne (1981), Riffert (1988)
and Becker (1988). Levinson & Bromberg (2008) stud-
ied the shock structure of mildly relativistic photon-rich
RMSs, under the assumption of negligible pair produc-
tion, by taking moments of the radiative transfer equa-
tion, accounting for the strong anisotropy of the photon
field in the shock transition region which occurs at rela-
tivistic speeds.
The recent work of B17 used time-dependent simula-
tions that couple the plasma hydrodynamics to Monte
Carlo radiative transfer through scattering. B17 showed
that in the presence of sufficiently strong magnetic fields,
a collisionless “subshock” will form inside the RMS, lo-
cated close to the RMS downstream. The subshock
width is comparable to the ion Larmor radius, which is
much smaller than the wide RMS structure. A fraction
of the total shock energy is dissipated in the subshock,
heating the electron (or pair) and proton components.
The hot electrons quickly cool by inverse Compton scat-
terings and emission of synchrotron photons, until they
reach the Compton temperature of the downstream ra-
diation. Additionally, the presence of neutrons can fur-
ther complicate the shock structure and dissipation pro-
file through nuclear collisions on a length scale which is
longer than the Thomson mean free path (Beloborodov
2010, B17). In this work, we limit our considerations to
RMSs in the limit of vanishing neutron component and
magnetic fields. We will also assume that the photon
number is conserved in the RMS, which is a good ap-
proximation when magnetic fields are sufficiently weak.
The role of magnetic fields and the subshock for photon
production will be discussed in a separate paper (Lund-
man & Beloborodov, in preparation).
In this work we present a newly developed code for ra-
diation hydrodynamics. Our code includes explicit treat-
ment of γγ pair production, which for the first time al-
lows for a fully self-consistent, time dependent flow so-
lution, where significant amounts of pairs are expected.
Furthermore, the code utilizes an exact Riemann solver,
which accurately captures any (collisionless) subshocks
that might develop (depending on the upstream condi-
tions). We focus on shocks that occur deep below the
photosphere, where the scattering time is much smaller
than the jet expansion time. Such shocks quickly set-
tle into a quasi-steady state, on a few scattering times.
Deep sub-photospheric shocks are therefore essentially
plane parallel. We let the shocks propagate until they
settle into a steady-state, and then examine the shock
solutions.
The paper is structured as follows. We derive the equa-
tions of special relativistic Lagrangian radiation hydro-
dynamics in Section 2 (and Appendix A). Our numerical
hydrodynamics and Monte Carlo radiative transfer im-
plementations are presented and discussed in Sections 3
and 4, respectively. We qualitatively discuss GRB RMSs
in Section 5, and numerically explore GRB shocks under
four qualitatively different conditions in Section 6, con-
firming the main points of the previous section. Finally,
the results are discussed in Section 7.
2. EQUATIONS OF RADIATION HYDRODYNAMICS
Plasma and radiation will be treated using two distinct
numerical methods. We first consider the plasma, which
will be treated as a single fluid (this approximation is
discussed in Section 7).
Conservation of energy and momentum is represented
by the vanishing divergence of the stress-energy tensor;
Tαβ;β = 0. Separating the stress-energy tensor into matter
(including electron-positron pairs) and radiation parts,
Tαβ = Mαβ +Rαβ , we can write
Mαβ;β = G
α, (1)
where Gα ≡ −Rαβ;β is considered as an energy and mo-
mentum source term for the fluid equations. The stress-
energy tensor of the fluid isMαβ = uαuβ(ρ+e+p)+pηαβ ,
where uα = Γ(1, βi) is the four-velocity, βi is the three-
velocity, Γ ≡ (1−βiβi)−1/2 is the Lorentz factor, ρ is the
total rest mass density (ions, electrons and positrons), e
is the internal energy density, p is the pressure, ηαβ is
the Minkowski metric of signature (−,+,+,+) and we
use units for which the speed of light equals unity.
Conservation of proton number and the equation for
the pair number density are given by
(ρpu
α);α = 0 (2)
and
(n±uα);α = n˙± (3)
respectively, where ρp is the proton rest mass density,
n± is the pair (electron and positron) number density
and n˙± is the net rate of pair production/annihilation,
all measured in the local rest frame of the fluid.
In Appendix A, we rewrite Equations (1) - (3) in the
Lagrangian form and plane-parallel geometry. This gives
(Vp),t − β,m = 0, (4)
(Ep),t + (pβ),m = VpG
0, (5)
(Sp),t + p,m = VpG
1 (6)
and
(Z±),t = mpVpn˙±. (7)
Here m is the Lagrangian mass coordinate (∂m = Γρp∂x)
and ∂t is the Lagrangian time derivative (∂t → ∂t−β∂x).
The new variables Vp, Ep and Sp are the lab frame vol-
ume, energy and momentum per proton rest mass respec-
tively, defined as Vp = (Γρp)
−1, Ep = Vp(Γ2(ρ+e+p)−p)
and Sp = VpβΓ
2(ρ + e + p). The pair loading factor is
Z± = n±/np, and mp is the proton rest mass. The right
hand sides of Equations (5) and (6) are the rates of en-
ergy and momentum gain per proton, measured in units
of the proton rest mass.
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3. HYDRODYNAMICS IMPLEMENTATION
The hydrodynamical Equations (4) - (6) are solved nu-
merically using a standard Lagrangian scheme with an
exact Riemann solver (e.g. Daigne & Mochkovitch 2000).
In short, we discretize the equations (including Equa-
tion (7)) into fluid elements of a given proton mass, us-
ing finite differences on a mass grid. The time evolution
of each fluid element is then integrated in the following
way. The Piecewise Parabolic Method (PPM) (Colella &
Woodward 1984), is used to find “left and right states” of
the fluid at each grid interface (and time step). The left
and right states are used to solve a Riemann problem,
in order to find the spatial (mass) derivative approxima-
tions.
A more detailed description of the hydrodynamics im-
plementation is provided in the following subsections.
The source terms (Gα and n˙±) are obtained from the
Monte Carlo radiative transfer, as described in Section 4.
3.1. Discretization of the hydrodynamical equations
The Lagrangian grid is defined by the value of the mass
coordinate at the interfaces between grid cells, and each
grid cell represent a “fluid element”. The fluid element
mass equals the difference between the mass coordinate
values at the cell boundaries: ∆mj = mj+1/2 −mj−1/2,
where j labels a cell, j± 1/2 labels the right and left cell
boundaries and ∆mj is the proton mass contained in the
cell.
Each cell contains (mass averaged) values of Vp, Sp and
Ep, or equivalently β, ρ and p. The PPM method and
a Riemann solver (as described below) are used to find
time averaged values of the pressure, p¯ and velocity, β¯
at each cell boundary, given β, ρ and p inside each cell.
The time averaged values at the cell boundaries are then
used for approximating the spatial derivatives (∂m) and
updating the properties of each fluid element.
Each mass boundary mj+1/2 is associated with a
boundary in the spatial coordinate, xj+1/2, represent-
ing the fluid element boundary location in space (at a
given time). The motion of each boundary during the
time step ∆t is discretized by a simple finite difference
in time. The spatial grid at time step n+ 1 is then given
by the equation of motion of the boundary and the grid
at the previous time step as,
xn+1j+1/2 ≈ xnj+1/2 + β¯nj+1/2∆t, (8)
and the updated volume per proton is given by
(Vp)
n+1
j ≈
xn+1j+1/2 − xn+1j−1/2
∆mj
, (9)
implicitly solving Equation (4). Straight-forward dis-
cretization of the hydrodynamical equations for energy
and momentum (Equations (5) and (6)) gives
(Ep)
n+1
j ≈ (Ep)nj + (Vp)nj (G0)nj ∆t
− ∆t
∆mj
[
p¯nj+1/2β¯
n
j+1/2 − p¯nj−1/2β¯nj−1/2
]
(10)
and
(Sp)
n+1
j ≈ (Sp)nj + (Vp)nj (G1)nj ∆t
− ∆t
∆mj
[
p¯nj+1/2 − p¯nj−1/2
]
. (11)
Similarly, the pair loading equation is discretized as
(Z±)n+1j ≈ (Z±)nj
+mp(Vp)
n
j (n˙±)
n
j ∆t. (12)
3.2. Variable reconstruction
The variables β, ρ and p must be reconstructed numer-
ically from Vp, Ep and Sp in each grid cell and for each
time step. Following Daigne & Mochkovitch (2000), we
numerically solve the equation
h˜2 + (γad− 1)h˜− γadEm(S2m + h˜2)1/2 + γadS2m = 0 (13)
for the specific enthalpy, h˜ ≡ h/ρ = 1 + (e + p)/ρ, γad
is the adiabatic index of the fluid and Em = Ep/(1 +
Z±me/mp) is the energy per unit total mass (and similar
definitions hold for Sm and Vm). We use the Newton-
Raphson method to solve Equation (13). After h˜ is
found, β, ρ and p are computed as β = Sm(S
2
m+h˜
2)−1/2,
ρ = (ΓVm)
−1 and p = ρ(h˜− 1)(γad − 1)/γad.
3.3. Finding left and right states using the PPM method
The PPM method is an extension of Godunov’s
method, with the advantage of being second order ac-
curate in time and third order in space. Parabolic
(quadratic) polynomials are fit to each of the hydrody-
namic grid quantities β, ρ and p at a given time step.
The parabolic fits provide continous representations of
the hydrodynamic quantities.
Only a fraction of the fluid in each grid cell can af-
fect the conditions at the cell boundary during a time
step (assuming that the time step is short enough for the
computation to converge). The distance into each cell
from which information can reach the cell boundary is
found, and the time and mass averaged values of β, ρ
and p are computed using the continous polynomials at
each side of the boundary. The averaged values at each
side of the boundary define the left and right fluid states
which are needed for solving the Riemann problem at the
boundary. We refer to Colella & Woodward (1984) for a
detailed discussion of the parabolic fits and the averaging
process.
3.4. Solving the Riemann problem
A Riemann solver is designed to numerically compute
the pressure and speed of the intermediate region which
develops in interaction between two initially separated
fluid states. The intermediate region includes the con-
tact discontinuity, which separates the fluid that was
originally contained in the left and right states. Since
we are solving Lagrangian equations, the contact discon-
tinuity of the Riemann problem directly corresponds to
the boundary between two grid cells.
The Riemann problem admits three qualitatively dif-
ferent solution patterns; two shocks, one shock and
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one rarefaction wave, or two rarefaction waves can be
launched. We use the exact, special relativistic Riemann
solver developed by Rezzolla & Zanotti (2001). It has the
advantage of determining the solution pattern directly
from the initial conditions. This makes the numerical
implementation simpler, as the functional form of the
solution is known before attempting numerical conver-
gence. The Riemann solver gives p¯ and β¯ at each inter-
face, which are then used to solve Equations (8) - (11),
updating Vp, Ep and Sp, and completing the hydrody-
namical time step.
4. RADIATION IMPLEMENTATION
The radiative transfer is performed using the Monte
Carlo method. The radiation is described by discrete
Monte Carlo photons, or photon “packets”. A photon
packet is defined by its spatial location (x), direction rel-
ative to the spatial axis (µ = cos θ), energy ( = E/mec
2)
and its weight (w). The photon packet weight gives the
number of real photons (with assumed identical proper-
ties) represented by the packet (or more precisely, pho-
tons per unit area, due to the assumed planar symmetry
of the problem). The weight is initially computed as
∆Nγw = Γnγ∆x, (14)
where ∆Nγ is the chosen number of Monte Carlo photons
within the spatial bin of width ∆x, and nγ is the pho-
ton number density, as set by the initial conditions. An
array of all photon packets is kept in memory. The pho-
tons propagate through the hydrodynamical Lagrangian
grid, with different radiative processes contributing to
the opacity. Photon packets are added to or removed
from the array as soon as they are emitted or absorbed
by the plasma, with the corresponding energy and mo-
mentum differences subtracted or added to Gα at the
relevant grid location as to conserve energy and momen-
tum. In the text below we will refer to photon packets
simply as photons for brevity.
For this work we consider only the radiative processes
of scattering and γγ-absorption. However, additional in-
teractions can be added if needed, as no specific number
of radiative processes is assumed in the code description
below.
4.1. Propagation algorithm
The code picks a time step ∆t and then iterates over
each photon in the array. The selected photon prop-
agates and interacts with the plasma until it is either
absorbed or it has propagated for time ∆t. The propa-
gation algorithm is logically separated into “events”. An
event is here defined as either an interaction (scattering
or absorption) or the crossing of a grid cell boundary into
a neighboring mass bin. A typical propagation step con-
sists of zero to several events, and most events are grid
crossings.
Below is a more detailed description of the propaga-
tion algorithm. First, the mass bin where the photon is
located is found by bisection (information regarding the
photon location during the previous time step can be
used here). The code computes local mean free paths in
the photon propagation direction for all relevant radia-
tive processes, using the plasma properties of the current
spatial bin. (The computation of the mean free path for
γγ-annihilation is described in the next subsection.) The
total mean free path λ is computed by adding the absorp-
tion coefficients for each process (e.g. λ−1 =
∑
i λ
−1
i ,
where i labels each process). A lab frame propagation
distance l is drawn from the exponential distribution as
l = −λ ln(u), where u is a random number uniformly
distributed between zero and one. If time ∆t has passed
before an event occurs, the photon is simply propagated
for the remaining time. Otherwise, the code moves the
photon to the event location, updates the photon propa-
gation time and performs the event. The event type is de-
termined by whatever happens first, either propagating
a distance l or crossing a boundary. The crossing simply
consists of moving the photon to the current boundary
location, updating the current bin location. The bound-
aries are assumed to move during photon propagation,
at a speed equal to the average speed of the neighbor-
ing bins. This gives better accuracy in flows with large
bulk motion. As soon as an event has occurred, the al-
gorithm computes new mean free paths λi and draws a
new l. The timestep is completed for the photon when
its propagation time reaches ∆t or there is an absorption
event.
At the end of the photon free path l, the code must de-
termine which radiative process has occurred. The prob-
ability for process i not to occur over distance l is given
by
Fi(l;λi) =
∞∫
l
fi(l
′;λi)dl′, (15)
where fi(l
′;λi) is the probability density for distance l′
and process i. The probability for process i to occur in
the interval (l, l + δl), and at the same time be the first
process that occurs, is
δpi = fiδl
∏
j 6=i
Fj , (16)
where the probabilities are simply multiplied, since they
are independent. The probability density distribution for
each process is the exponential distribution, for which
fi(l;λi) = λ
−1
i exp(−l/λi) = λ−1i Fi, and therefore δpi =
λ−1i δl
∏
Fj , where the product now runs over all j.
The probability that the i-th interaction process occurs
at l is then found as the ratio Pi = δpi/
∑
δpi, where the
sum is taken over all processes i. We then arrive at
Pi =
λ−1i∑
j
λ−1j
, (17)
which is independent of the value of l.
4.2. Scattering
The code uses the full Klein-Nishina cross-section for
computing the scattering mean free path (as a function of
photon energy and direction) and scattering angles. The
gas temperature is determined by the hydrodynamic in-
ternal energy of the gas, and the electron (and positron)
distribution is assumed to be Maxwellian. Relaxation
to kinetic equilibrium between photons and electrons
through scatterings have been tested extensively, with
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an initially non-thermal photon spectrum relaxing to the
Wien spectrum (as expected in absence of stimulated
scattering), while conserving energy.
4.3. Pair production and annihilation
The mean free path to γγ-annihilation is not a func-
tion of the local plasma properties, but requires knowl-
edge on the local radiation intensity. We define a grid
in the photon energy (′) and direction (µ′), both mea-
sured in the fluid rest frame (the comoving frame). At
each time step and grid cell, the comoving intensity is
computed on the two-dimensional (′, µ′) grid by collect-
ing the Monte Carlo photons. The mean free path can be
considered a function of ′, µ′, and the photon location
x, λ′γγ(x, 
′, µ′). Computation of λ′γγ (measured in the
fluid comoving frame) for one particular set of location,
energy and direction involves integration of the target
photon number intensity, I ′ν′ , over the target energy and
direction,
(λ′γγ)
−1 =
∫
(1− µ˜′)σγγI ′ν′dΩ′dν′, (18)
where σγγ is the center-of-momentum frame cross-section
and µ˜′ is the cosine of the angle between the primary
and target photon directions. The mean free path
λ′γγ(x, 
′, µ′) is tabulated on the grid of x, ′, µ′ at each
time step, before the propagation of photons is initiated.
The comoving mean free path for a photon is found
by bisection in the grid of ′ and µ′. The lab frame
mean free path is then obtained by a Doppler boost,
λγγ(, µ) = λ
′
γγ(
′, µ′)/[Γ(1− βµ)].
The pair production source term can be written as
n˙± = n˙±,prod − n˙±,ann. Each fluid element has a proton
mass of ∆m, which corresponds to ∆m/mp protons (per
area), and a Monte Carlo photon packet corresponds to
w photons (per area). After a photon-photon interaction
the photon is absorbed, adding an equal number of pairs
(per photon packet) to the plasma,
δn±,prod
np
=
mpw
∆m
. (19)
Requiring that a single annihilation event changes Z±
only slightly, i.e. δZ± = δn±,prod/np  1, we find a
lower limit on the number of photon packets per bin;
∆Nγ  nγ/np, where Equation (14) was used.
At each time step the code computes the number of
real photons which are emitted due to pair annihila-
tion, based on the number of annihilated pairs, δn± =
n˙±,ann∆t, where n˙±,ann = (3/4)σTn−n+ and n− (n+) is
the number density of electrons (positrons). Using the
relations n± = n− + n+ and np = n− − n+, we have
n˙±,ann
np
=
3
16
σTnp(Z
2
± − 1). (20)
4.4. Photon boundary conditions
The hydrodynamic code is a Lagrangian code, which
tracks the motion of individual fluid elements. The hy-
drodynamic boundary conditions used for the simula-
tions presented in this paper consists of one reflective
(lab frame) wall and one “comoving wall”; that is, two
walls are assumed to exist on each side of the grid, but
one of the walls is moving toward the other. The reflec-
tive wall simply reflects the lab frame grid speed, and also
all photons which propagate into it. The comoving wall
is moving with the initial speed of the outermost fluid
element. The corresponding photon boundary condition
can be stated as “zero comoving frame flux” through the
grid outer boundaries. This amounts to reflecting pho-
tons in the local comoving frame as they try to escape the
grid edge (each reflected photon can also be viewed as a
new photon with identical properties but opposite direc-
tion, as viewed in the comoving frame of the boundary,
while the old photon was allowed to leave the grid).
4.5. Electron cooling time and length scales
Consider a plasma with a certain number of photons
per proton, nγ/np, a pair loading factor of Z± and a
typical photon energy  = E/mec
2. The scattering time
for the photons is t−1sc ≈ Z±npσT; the photon time step
must resolve (at least) the scattering time, as this is the
characteristic timescale for the RMS.
Consider now a collisionless subshock located close to
the immediate RMS downstream, where electrons are
heated up to a Lorentz factor γe. The corresponding
electron cooling time is t−1cool ≈ (4/3)ξKNγenγσT, where
ξKN ≈ (1 + 4γe)−3/2 describes the decrease of inverse
Compton cooling efficiency due to Klein-Nishina effects
(Moderski et al. 2005), so that
tcool
tsc
≈ 3Z± np
nγ
(1 + 4γe)
3/2
4γe
(21)
The number of photons per proton is in the range of
104 − 106 for typical GRB conditions, and the electron
cooling time is therefore typically several orders of mag-
nitude shorter than the photon scattering timescale (de-
pending on ). The photon time step must resolve the
cooling timescale, as photons may otherwise “break the
energy budget” by interacting with high-energy electrons
for too long, consuming all internal fluid energy before
the fluid can react by lowering its temperature. The cor-
responding length scale, lcool, must also be spatially re-
solved to capture accurate electron temperatures behind
a subshock.
A mildly relativistic RMS is a few scattering free paths
wide, and its development and dynamics are therefore re-
lated to the photon scattering time. Resolving the elec-
tron cooling time may then be computationally challeng-
ing. However, a numerical “trick” can be used for RMS
without a significant subshock. In this case, the fact
that nγ  Z±np implies that the electrons/positrons are
locked to the Compton temperature everywhere, includ-
ing within the RMS. One can then add a “fake heat”
reservoir to the plasma initial conditions: simply mul-
tiply the internal energy by a constant factor which is
larger than unity, and divide by the same factor when
computing the fluid temperature as seen by the photons.
This trick artificially increases the internal energy bud-
get (which must still be much smaller than the photon
energy budget), and therefore also increases the plasma
cooling time, permitting larger time steps. The upper
limit on the amount of fake heat is set by the condition
that the fluid is still locally locked to the Compton tem-
perature.
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4.6. Code parallelization
Monte Carlo codes are easily parallelizable. Our im-
plementation initiates a given number of photon packets
on each CPU core. The hydrodynamics computations
(which takes much less CPU time compared with pho-
ton propagation) are performed only on the master core.
At each time step, the master distributes the hydrody-
namic grid to the worker cores. The workers propagate
their photons in the grid and compute all hydrodynam-
ical sources (Gα and n˙±). The master then collects the
sources from all workers for the next hydrodynamics step.
Similarly, the comoving radiation intensity (which is used
for the pair production algorithm) is computed locally
by each worker, and then collected by the master. The
computation of the γγ-annihilation mean free path is dis-
tributed over all workers, as this computation is fairly
expensive.
5. RMS IN GRB JETS
Shocks that occur deep below the GRB jet photosphere
have a characteristic width which is much smaller than
any macroscopic flow length scale. Such shocks are there-
fore essentially plane parallel and in quasi-steady state.
In this section we discuss the properties of steady plane-
parallel RMS.
5.1. The shock spectrum
Given upstream values of w ≡ (eγ + pγ)/ρ and vγ,
where v is the upstream speed relative to the downstream
(in units of the speed of light) and γ is the corresponding
Lorentz factor, one can solve for the downstream w and
shock compression ratio (B17). Besides these thermo-
dynamic parameters, the photon spectrum in the shock
transition region depends on the photon-to-proton ra-
tio, nγ/np, of the upstream material (Levinson 2012). A
RMS converts the incoming kinetic proton energy to ra-
diation energy; each proton shares its energy with nγ/np
photons. The conversion is complete in the immediate
downstream, so that the average photon energy must
equal (in the limit of a cold upstream, wu  1)
¯d= (γ − 1)mp
me
np
nγ
≈1.8× 10−2 (γ − 1)
(
nγ/np
105
)−1
. (22)
Photons gain energy inside the shock by scattering re-
peatedly within the converging fluid flow (i.e. the first
order Fermi mechanism). In order for photons to gain en-
ergy in the shock, so that they can mediate it, the RMS
must structure itself so that the “shock y-parameter” is of
order unity; (∆/)Nsc ∼ 1, where ∆/ is the fractional
energy gain per scattering and Nsc is the typical number
of scatterings for a photon which diffuses through the
shock structure. The optical depth of a non-relativistic
RMS transition is τsh ∼ v−1, and the number of scat-
terings is Nsc ∼ τ2sc. Thus, the typical fractional energy
gain per scattering in a non-relativistic RMS is
∆

∼ v2. (23)
Since the photons greatly outnumber the electrons
(and positrons) in a GRB RMS, the electrons carry es-
sentially no heat capacity and are locally locked to the
Compton temperature θC ≡ kTC/mec2 (defined as the
electron temperature for which there is no net energy ex-
change between electrons and photons through scatter-
ings). The Compton temperature close to the immediate
downstream is roughly θC ∼ ¯d (within a factor of a few,
depending on the spectral shape). Photons of energy
  4θC will not only gain energy by scattering in the
speed gradient, but also experience thermal Comptoniza-
tion. The average thermal energy gain per scattering is
∆th/ ≈ 4θC ≈ 4(v2/2)(mpnp)/(menγ), where Equa-
tion (22) was used. The thermal energy gain is much
smaller than the energy gain due to scattering inside the
converging flow as long as
nγ
np
 mp
me
, (24)
which is easily satisfied for GRBs which have nγ/np ∼
105. Thus, thermal Comptonization can be neglected
inside the shock.
A fraction of photons scatter back toward the up-
stream, and spend longer time in the RMS, gaining more
energy. Since both the relative energy gain, ∆/, and
the scattering cross-section are independent of photon
energy (for  1), and thermal Comptonization can be
neglected, the problem now lacks an energy scale, and
the photon spectrum will form a power law which ex-
tends upward from the typical upstream photon energy
u (as shown by Blandford & Payne 1981 in the non-
relativistic limit).
Mildly relativistic (and faster) shocks are similar; the
shock y-parameter has to be of order unity. Just as for
non-relativistic shocks, there is a significant chance for a
photon that just exited the shock in the downstream to
scatter back into the shock and continue the energy gain.
The resulting spectrum is again a power law.
The power law can be at most flat in νFν (as found by
Blandford & Payne 1981 in the non-relativistic limit). A
flat power law would imply a logarithmic divergence of
radiation energy, however an upper photon energy natu-
rally exists due to electron recoil (and also pair produc-
tion at energies above mec
2). Considering only the recoil,
the energy after scattering in a direction µsc = cos θsc is
1/ = 1/(1 + (1− µsc)) ≈ 1/(1 + ) ≈ 1−  (where we
substituted the average µsc = 0 for scattering of photons
with   1). Therefore the typical energy loss due to
recoil is
∆recoil

≈ −. (25)
For non-relativistic shocks, the energy gains and losses
(Equations (23) and (25)) balance at photon energies
max ∼ v2. (26)
We see that max ∼ 1 for mildly relativistic shocks which
have vγ ∼ 1. Pair production is therefore expected to
become relevant for shocks with vγ & 1.
The shock structure will self regulate into a shape that
produces a photon spectrum with an average photon
energy of ¯d in the immediate downstream. The ex-
act shape of the high-energy spectrum is challenging to
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predict for mildly relativistic (and faster) shocks with-
out resorting to accurate simulations because of the cou-
pled dynamics of the system and the non-trivial radiative
transfer at energies close to and above the electron rest
mass. The decrease of the Klein-Nishina cross-section
with energy causes the mean free path to increase, so
that photons can more easily propagate across the full
width of the shock in a single free path. On the other
hand, the longer mean free path can take the photons far
downstream where they may become trapped after los-
ing energy in scattering (which increases their scattering
cross-section). Furthermore, high-energy photons scatter
preferentially along their own forward direction, so that
it becomes unlikely for the photon to turn around and
scatter back toward the shock. If the photon manages to
scatter at a large angle so that it may catch up with the
shock, it will lose a significant fraction of its energy to
electron recoil, and thus have its mean free path become
shorter, decreasing the probability to reach the shock.
We therefore expect the power law spectrum to soften
at energies around  & 10−1 (assuming that the shock is
capable of producing photons of such large energies).
The power law index is related to the ratio of the aver-
age photon energy in the downstream, ¯d, to the charac-
teristic thermal photon energy in the upstream u. Con-
sider for instance a flat νFν spectrum inside the shock
and suppose for simplicity that it extends to  ∼ 1; then
¯d/u ∼ ln(−1u ), or ¯d ∼ 10u for u ∼ 10−4. If larger
values of ¯d/u are demanded by the shock, then the spec-
trum must be rising in νFν . If the spectrum is instead flat
in photon number, such that νFν ∝ , then the average
energy is ¯d ≈ 1/ ln(−1u ) ∼ 10−1 for u ∼ 10−4. Thus,
strong shocks with ¯d  u are expected to have (approx-
imately) power law spectra inside the shock which range
from flat in energy per decade to flat in photon number
per decade, and the spectra are expected to deviate from
the power law at  ∼ 10−1 in mildly relativistic shocks.
If the shock spectrum extends to an energy max > 1,
then the high-energy photons tend to pair produce on
photons of energy  ≈ 1/max. The spectrum at  ∼ max
can then be softened by γγ-absorption. If the photon
number spectrum is almost flat at  ∼ 1, so that roughly
equal number of photons exists at max and 1/max, then
the spectrum in the whole energy range 1/max .  .
max is softened.
5.2. The peak pair multiplicity
An upper limit on the number of pairs that a shock
can sustain is set by assuming that all of the dissipated
shock energy is converted into pair rest mass; Z±me =
(γ − 1)mp, so that Z± . 103 for a mildly relativistic
shock. However, the bulk of the proton energy is not
channeled into photons with  > 1 as long as ¯d  1,
and so Z±  (γ − 1)mp/me is expected.
As the shock is initially formed, the number density of
photons with energy  ∼ 1 is small and pair creation is
inefficient. The shock keeps building up its high-energy
photon component until the photon loss rate at large
energies becomes comparable to the rate of high-energy
photon production. The rate of production is related to
the scattering timescale, and the loss rate is related to the
γγ-annihilation timescale (and also advection into the
downstream). With similar rates at  >∼ 1, the mean free
paths to scattering and γγ-annihilation are also similar,
λγγ ∼ λ where λγγ ∼ (nHEσT/5)−1 is the mean free
path to annihilation and nHE = fHEnγ is the density of
photons with energies  ∼ 1. The scattering mean free
path is increased by roughly a factor of 5 at  ∼ 1 due
to Klein-Nishina effects, so that λ ∼ (Z±npσT/5)−1. We
then find that Z± ∼ fHE(nγ/np).
As mentioned above, the radiative transfer at  ∼ 1
is complicated due to Klein-Nishina effects and is there-
fore best evaluated numerically. For example, one of the
simulations presented in the next section (“Faster shock
into cold upstream”) has nγ/np = 2 × 105 and devel-
ops a spectrum reaching up to max ∼ 3. We found
nγ( > 1/3) ∼ 10−3nγ inside the shock, so that the esti-
mated pair multiplicity is Z± ∼ 200, close to the value of
Z± ≈ 225 found in the simulation. Our results confirm
the estimate for Z± in B17.
5.3. The upstream photon precursor
A fraction of the shock photons will leak ahead of
the shock into the upstream, and pre-heat the upstream
plasma through scatterings. Scattered photons isotropize
and propagate with the upstream plasma, so that even
the isotropic component of the photon spectrum inside
an upstream fluid element becomes increasingly non-
thermal as the shock is approaching. The strength of
the photon precursor naturally weakens with distance
into the upstream as the photon beam is attenuated.
Photons with energies  & 10−1 have longer mean free
paths due to the energy dependence of the Klein-Nishina
cross-section, and therefore propagate further than low
energy photons, hardening the upstream spectrum some-
what with distance from the shock. Neglecting the fact
that the scattering cross-section is energy dependent,
the intensity of the photon precursor is proportional to
exp(−τ) where τ is the total Thomson optical depth (in-
cluding pairs) as measured from the shock into the up-
stream.
If the shock contains photons of energies greater than
the electron rest mass, then the precursor will also sprin-
kle pairs in the upstream, ahead of the shock. The high-
energy photons close to the shock can easily collide and
convert to pairs. At larger distances into the upstream
the photon precursor quickly becomes collimated in the
forward direction, so that photons of energy  & 1 can
not efficiently pair produce on each other. On the other
hand, the photons are free to produce pairs as soon as
one of the photons scatters, so that the angle between
the photons increases. The rate of pair production in
the upstream is then tied to the scattering rate.
We can estimate the pair loading dependence on the
distance into the upstream in the following way. Con-
sider a steady-state shock. The pair loading equation
(Equation (7)) can be written as (Z±),t = n˙±/γnp. The
equation of motion for a fluid element which is advected
from the upstream toward the shock is x,t = −vu, where
the x coordinate is measured from the shock toward the
upstream (in the shock frame) and vu > 0 is the up-
stream speed relative to the shock. The pair loading
equation for a fluid element can then be written as
(Z±),x = −
n˙±
γuvunp
. (27)
If we assume that all scattered high-energy photons are
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immediately converted to pairs, and that pair annihi-
lation is negligible, then the net pair production rate
is n˙± ∼ 2(σT/5)Z±npnHE (with two pairs created for
each scattering, and the scattering mean free path ap-
proximately five times the Thomson mean free path),
where nHE ∝ exp(−τ) is the number density of high-
energy photons from the pre-cursor, and τ ≈ γu(1 +
vu)
∫
Z±npσTdx is the optical depth into the upstream
as measured from the shock. Changing the variable from
x to τ , we find (Z±),τ ∝ − exp(−τ), and integrating this
equation from far in the upstream toward the shock, we
find Z± ∝ exp(−τ) (for Z±  1), which agrees well with
the simulation results shown in the next section.
5.4. Downstream spectrum “thermalization”
The shock spectrum is highly non-thermal. The pho-
tons “thermalize” (or rather, approach kinetic equi-
librium with the electrons) in the downstream by re-
distributing their energy through scatterings. The ther-
mal Compton y-parameter is yth = 4θCNsc ∼ ¯dNsc
where Nsc is the number of scatterings. Low energy pho-
tons can significantly increase their energy when yth & 1,
or Nsc & 1/¯d. The number of scatterings δNsc per-
formed in time δt is δNsc ≈ δt/tsc, where tsc = λsc is
the scattering time, δt ≈ δl/vsh ≈ 3δl, δl is the distance
behind the shock and vsh ≈ 1/3 is the shock speed in the
downstream frame of a relativistic shock. The number
of scatterings is then related to the downstream optical
depth, δτ = δl/λsc, as measured from the shock and into
the downstream as δNsc ≈ 3δτ . Integrating the num-
ber of scatterings over the distance behind the shock, we
then find the thermalization optical depth,
τth ∼ 1
3¯d
. (28)
If ¯d  1, the low energy power law spectrum is modified
far away from the shock.
On the other hand, the high-energy spectrum at  >
¯d is affected more quickly by downscattering, as only
Nsc ≈ (∆/)−1 ∼ 1/ scatterings are needed to modify
the photon energy. Thus, the spectrum at the highest en-
ergies is expected to progressively soften into the down-
stream, starting already inside the shock at  & 10−1.
The pairs that were produced inside the shock annihi-
late as they propagate into the downstream. In steady-
state the pair multiplicity satisfies vsh(Z±),x = n˙±/γnp
in the shock frame, where x is the distance as measured
from the shock into the downstream. Pair production
quickly ceases in the downstream, so that only pair anni-
hilation is important; n˙± ≈ −n˙ann. From Equation (20)
we find (for Z±  1)
δZ± ≈ −
Z2±σTnp
5vdγd
δx. (29)
The number of scatterings experienced by a downstream
photon in time δt is δNsc ≈ δt/γtsc = δx/vshγλsc, where
λsc = 1/Z±σTnp. We then find δ lnZ± ≈ − 15δNsc, with
the solution
Nsc ≈ 5 ln
(
Zmax
Z±
)
. (30)
A typical photon which has passed through a shock with
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Figure 1. Parameter space for photon-rich RMSs. The upstream
flow is here assumed to be cold (i.e. wu  wd). The gray region
indicates where pair production is expected to occur. The red dots
show the parameters of the simulations presented in Section 6.
(Note that there is a lower bound on vγ for which shocks can occur
for a given value of wu; the sound speed is c2s = (1/3)wu/(1 +wu),
and v > cs is required for a shock solution to exist.)
Zmax ∼ 200 will have scattered Nsc ∼ 25 times before
the pairs are annihilated.
5.5. The internal GRB RMS parameter space
The total lab frame energy per proton rest mass in a
GRB jet fluid element is Γ(1 + w), where Γ  1 is the
bulk Lorentz factor. The energy associated with radia-
tion is Γw, and the fraction of the total energy carried
by radiation (i.e. the radiative efficiency) is
Lγ
L
=
w
1 + w
. (31)
In the downstream, we have wd = (ed + pd)/ρd =
(4/3)¯d(menγ/mpnp), or (using Equation (22) and as-
suming the upstream to be cold, wu  γ − 1)
wd =
4
3
(γ − 1), (32)
Only sufficiently relativistic shocks, vγ >∼ 0.4, are capa-
ble of generating significant Lγ/L >∼ 0.1. We can then
conclude that pair production is expected to occur in the
RMSs which produce the most efficient GRB emission.
The parameter space relevant to internal GRB shocks is
shown in Figure 1. Shocks with vγ & 1 (or very large
average photon energies) are expected to produce pairs.
Shocks capable of producing the observed GRB emis-
sion are expected to populate the approximate region of
1/3 <∼ vγ <∼ 3 and 104 <∼ nγ/np <∼ 106, which would
result in reasonable observed average photon energies,
E¯ ∼ Γ¯dmec2/(1 + z), where z is the GRB redshift.
6. NUMERICAL SIMULATIONS: MILDLY RELATIVISTIC
SHOCKS INTO PHOTON-RICH PLASMA
In this section we present results from four simula-
tions. We consider two faster shocks with vγ = 3 and
nγ/np = 2×105, and two slower shocks with vγ = 1 and
nγ/np = 10
6 (these sets of parameters are marked with
two red dots in Figure 1). The faster shocks have vγ & 1
and are therefore expected to produce large amounts of
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pairs, while the slower shocks should be close to the pair
production boundary. The shocks run into an upstream
which is either cold with wu = 3 × 10−2, or warm with
wu = 0.3. Warmer upstreams (wu . 1) are expected if
the upstream material was recently heated, while fluid
elements which were heated longer than a few expansion
times ago will be colder (wu  1).
We consider homogeneous initial conditions across the
whole grid for all runs. The simulation starts with con-
stant values of the hydrodynamical parameters vγ, ρ and
p. Photons are injected across the whole grid with a (co-
moving) Wien spectrum, so that they are initially in local
kinetic equilibrium with the electrons.
Below we present the steady-state shock structure (as
seen in the downstream frame) and photon spectra for
different initial conditions. The structure is plotted ver-
sus the “original” optical depth, defined as
τp(x) ≡
x∫
0
γnpσTdx
′, (33)
or the total optical depth which includes pairs,
τ±(x) ≡
x∫
0
Z±γnpσTdx′. (34)
These definitions correspond to the original electron or
pair columns of the fluid elements. The actual Thomson
optical depth as seen by a photon also depends on the
photon direction and the speed of the fluid elements.
6.1. Initial shock evolution
All runs follow qualitatively similar dynamical evolu-
tions before settling into a steady-state. The initial con-
ditions are set up so that the flow, which is initially mov-
ing to the left, immediately smashes into a lab frame wall
(reflecting boundary) at the left end of the grid (x = 0).
A hydrodynamical shock is formed at the left boundary,
propagating in the rightward direction, while the down-
stream fluid becomes stationary in the lab frame (v = 0).
The downstream region between the shock and the wall
initially has a very small optical depth, so that photons
are incapable of carrying the downstream pressure that
is demanded by the shock jump conditions. The shock
is therefore collisionless, and the downstream electron
temperature is relativistic. Due to the large number of
photons per electron, the electrons are quickly cooled in
the downstream by a small fraction of the photons in the
vicinity of the shock. The few photons which interact
with the hot electrons quickly gain high energies. Af-
ter a short time, the number of photons with energies
 & 1 is large enough so that their free paths to γγ col-
lisions become smaller than the size of the downstream,
triggering efficient pair production. The increase in the
downstream optical depth causes more photons to scatter
on the hot electrons, quickly cooling them and produc-
ing more pairs, until the downstream is optically thick,
photons dominate the downstream energy density and
electrons settle into kinetic equilibrium with radiation at
the Compton temperature.
A fraction of the photons with  & 1 leak ahead of the
collisionless shock, sprinkling pairs into the upstream. As
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Figure 2. Structure of the shock with parameters vγ = 3,
nγ/np = 2 × 105 and wu = 3 × 10−2. Profiles are shown of vγ
(downstream frame), ρ, pγ and Z± after steady-state is reached.
The horizontal coordinate, τp, is the optical depth associated to
the “original” electrons. The upstream (right part of the figure)
is flowing to the left. (Note that the absolute values of pγ and ρ
carry no significance for the planar shock problem, but the ratio
pγ/ρ does; an upstream value of ρ = 40 g cm−3 was used for this
plot.)
the upstream pair column becomes significant, photons
can effectively “grip” the incoming upstream flow, and
start gaining energy also by scattering back and forth
across the collisionless shock. The rapid increase in pho-
ton pressure at the shock smears out the shock jump on
a scale comparable to several photon mean free paths,
smoothing out the collisionless shock and establishing
proper radiation mediation. At this time, the shock has
traversed a distance which corresponds to τp significantly
less than unity. The shock settles into a steady-state af-
ter propagating for several upstream optical depths.
6.2. Faster shock into cold upstream
The fast shock simulations has parameters vγ = 3,
nγ/np = 2×105 and a cold upstream with wu = 3×10−2.
These values correspond to an average upstream photon
energy of ¯u ∼ 6.5 × 10−4, as measured in the down-
stream frame. (The corresponding νFν peak of the Wien
spectrum is pk ≈ 4¯u.) The speed difference between
the upstream and downstream is large enough for pair
production to become important, and the cold upstream
ensures that essentially all downstream photon energy
comes from the upstream proton kinetic energy.
The steady-state shock structure is shown in Figure 2
as a function of the original optical depth, τp. A photon
precursor is leaking into the upstream, pre-heating the
electrons and sprinkling pairs ahead of the shock. The
photon pressure gradient increases toward the shock, de-
celerating the incoming upstream flow. The pair multi-
plicity peaks immediately behind the shock due to pair
production and annihilation balance, with Z± ≈ 225 as
its largest value. The large value of Z± decreases the
photon mean free path by about the same factor, caus-
ing the shock transition to occur on a very short spatial
length scale.
The detailed shock structure is more clearly visible in
Figure 3, which shows the same shock profile as a func-
tion of the total optical depth, τ±. As expected, the
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Figure 3. The same snapshot of vγ, ρ, pγ and Z± as in Figure 2
(vγ = 3, nγ/np = 2 × 105, wu = 3 × 10−2), but here shown as
functions of the total optical depth τ±, which includes the (domi-
nant) contribution from pairs. The colored bars at the top of the
figure define regions within the flow. The photon spectra within
these regions are plotted with the corresponding colors in Figures 4
and 5.
shock transition region is smeared out over a few opti-
cal depths. The photon precursor pressure and the pair
multiplicity are decreasing roughly exponentially toward
the upstream, ahead of the shock. The shock structure
as shown in Figure 3 is similar to the structure of shocks
with vγ . 1, which do not produce pairs.
The lab frame (i.e. downstream frame) photon number
spectra at different locations within the shock structure
are shown in Figure 4. The spectra are collected at loca-
tions which are separated by an optical depth of unity,
as indicated by the colored bars in Figure 3. The up-
stream spectra (dark red and red) show the Wien spec-
trum shape at energies of  ∼ 2×10−4, and a precursor of
high-energy photons. The photon number spectrum per
logarithmic interval in energy is roughly flat at high en-
ergies, and the photon spectrum above 1/max is affected
by γγ-absorption. The spectrum at the base of the shock
transition (yellow) is essentially a power law extending
from u, which starts softening around  & 10−1. A sig-
nificant fraction (∼ 10−2) of the photons inside the shock
have energies above  = 1, giving rise to strong pair pro-
duction inside the shock. The downstream spectra (green
to blue) show the gradual process of “thermalization”
toward a Wien spectrum. The spectrum evolves more
quickly at high energies, because of the energy transfer
to electrons through recoil in scattering.
Figure 5 shows the same spectra as Figure 4, but
zoomed in around the spectral peak and shown in the
νFν representation. The peak is shifting from larger to
smaller energies because of efficient recoil losses, trans-
ferring the energy to low energy photons.
6.3. Faster shock into warm upstream
This simulation has the same parameters as the pre-
vious simulation (vγ = 3, nγ/np = 2 × 105), but the
upstream is warmer with wu = 0.3, corresponding to
¯u ≈ 6.5 × 10−3 as measured in the downstream frame.
This implies a smaller energy amplification factor of pho-
tons crossing the shock. The shock structure as a func-
tion of τ± is very similar to the previous simulation.
10-6 10-5 10-4 10-3 10-2 10-1 100 101
²=E/me c
2
1025
1026
1027
1028
1029
1030
1031
1032
d
n
γ
/d
ln
²
Figure 4. Steady-state downstream frame photon number spectra
at different locations within the shock with parameters vγ = 3,
nγ/np = 2×105 and wu = 3×10−2. The line colors correspond to
the locations indicated by the colored bars at the top of Figure 3.
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Figure 5. Same as Figure 4, but now showing total energy density
per logarithmic interval in energy (i.e. νFν) and zoomed in around
the spectral peak.
However, the higher ¯u leads to a somewhat different
radiation spectrum.
The νFν shock spectra are shown in Figure 6, as a
function of location within the shock. The colors corre-
spond to the same locations as for the fast shock into the
cold upstream. The smaller amplification factor of pho-
ton energies leads to the softer spectrum inside the shock
(yellow curves). This reduces the number of photons with
 > 1 and thus decreases pair loading to Z± ≈ 100.
6.4. Slower shock into cold upstream
The slower shock has an upstream speed corresponding
to vγ = 1, which is right on the expected boundary for
pair production. We consider nγ/np = 10
6 and the cold
upstream has wu = 3 × 10−2, corresponding to ¯u ≈
3.0×10−5. The shock structure is shown in Figure 7. The
shock transition occurs over a few optical depths. The
pair multiplicity is equal to unity, although tiny “bumps”
can be seen in the red Z± line, indicating that these shock
parameters are just below the threshold for increasing the
RMSs in GRBs: Pair creation 11
10-4 10-3 10-2 10-1 100 101
²=E/me c
2
1026
1027
1028
1029
1030
²(
d
n
γ
/d
ln
²)
Figure 6. Steady-state downstream frame spectra at different
locations within the shock with parameters vγ = 3, nγ/np = 2 ×
105 and wu = 3×10−1. The spectral are taken at the same relative
locations within the shock as in Figure 5.
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Figure 7. Structure of the shock with parameters vγ = 1,
nγ/np = 106 and wu = 3× 10−2. Profiles are shown of vγ (down-
stream frame), ρ, pγ and Z± after steady-state is reached. The
colored bars at the top of the figure define regions within the flow.
The photon spectra within these regions are plotted with the cor-
responding colors in Figure 8.
pair multiplicity.
Figure 8 shows the νFν spectrum at different locations
within the shock. As before, the locations are indicated
in Figure 7. The upstream photon energy is very small,
and the spectrum at the shock base (light blue) is a per-
fect power law for several decades in energy, extending
up to  ∼ 10−1. The precursor hardens slightly toward
the upstream due to the increased mean free path for
higher energy photons. The fraction of photons inside
the shock with energy  & 1 is less than 10−6, which is
marginal for not increasing the pair multiplicity above
Z± = 1.
6.5. Slower shock into warm upstream
Here we used the same parameters for the upstream
speed and photon number as for the previous simulation
(vγ = 1 and nγ/np = 10
6), but the upstream is warmer
with wu = 0.3, corresponding to ¯u ≈ 3.0 × 10−4. The
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Figure 8. Steady-state downstream frame spectra at different
locations within the shock with parameters vγ = 1, nγ/np = 106
and wu = 3 × 10−2. The line colors correspond to the locations
indicated by the colored bars at the top of Figure 7.
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Figure 9. Steady-state downstream frame spectra at different
locations within the shock with parameters vγ = 1, nγ/np = 106
and wu = 3×10−1, taken at the same relative locations within the
shock as for Figure 8.
hydrodynamic shock structure is the same as in the cold
simulation. The νFν spectrum is shown in Figure 9. Just
as for the faster shocks, a warmer upstream leads to a
softer power law spectrum, since the shock must arrange
itself to give the photons a smaller energy amplification
factor. The fraction of photons with energy  & 1 in the
shock is well below 10−6, so that Z± = 1 throughout the
shock.
7. DISCUSSION
7.1. Summary of the main results
In this paper we have presented a time dependent, spe-
cial relativistic radiation hydrodynamics code. The code
is designed specifically for simulating radiation mediated
shocks (RMSs), and incorporates full Klein-Nishina scat-
tering and γγ-pair production. We have used our code to
calculate the fully self-consistent RMS structure in me-
dia where upstream photon advection is the main photon
source; this is the case for RMSs inside (unmagnetized)
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GRB jets.
We have simulated RMSs of various speeds and up-
stream conditions. The shocks were allowed to prop-
agate until they settled into steady-states, after which
the shock structure has been examined. In particular,
the photon spectra and the pair-to-proton ratio Z± have
been analyzed as a function of location within the shock
transition.
RMSs heat photons via the first order Fermi process,
producing power law photon spectra within the shock
transition region. The largest photon energy inside a
non-relativistic shock is max = Emax/mec
2 ∼ v2, where
v is the upstream speed as measured in the downstream
(in units of the speed of light), and the power law index
depends on the shock speed, the upstream photon-to-
proton ratio and the average upstream photon energy.
The photon spectra inside non-relativistic RMSs are
pure power laws, extending from the typical upstream
photon energy up to max. Shocks with vγ . 1 do not
produce pairs, as they do not heat photons up to the elec-
tron rest mass. On the other hand, shocks with vγ & 1
heat photons to  & 1 and are therefore strong producers
of pairs, with typical values of Z± & 102 inside the RMS
transition. The optical depth of the plasma is increased
by a factor ∼ Z±, and the spatial width of the RMS
is correspondingly decreased by the same factor. The
power law photon spectra inside such RMSs curve down-
ward at  ∼ 10−1 due to Klein-Nishina effects, and are
affected by γγ-annihilation at  ∼ 1. The pairs annihi-
late behind the RMS, and the photon spectra gradually
thermalize toward the downstream. In the absence of
photon production processes, the spectra approach the
Wien spectrum at an optical depth τth ∼ 1/3¯d behind
the shock, where ¯d is the average downstream photon
energy.
7.2. The “single plasma” assumption
Our implementation of the hydrodynamics assumes
that the plasma behaves as a single fluid, so that a sin-
gle speed and temperature can be defined for each fluid
element. In a RMS, the photons interact with electrons
(or positrons), and the electrons are subsequently cou-
pled to the protons. The coupling (i.e. isotropization of
the electrons) is maintained on length scales of order the
plasma skin depth, which is always much shorter than
the photon mean free path.
The time for charged particles to relax to a Maxwellian
distribution is set by Coulomb collisions. In the limit
θ  1, which is valid for the shocks considered here, the
pair relaxation time t± is (Stepney 1983)
t±
tsc
≈ 2pi
1/2
ln Λ
θ3/2 ≈ 0.17θ3/2  1, (35)
where tsc = (Z±npσTc)−1 is the local photon-electron
scattering time and ln Λ ≈ 20 is the Coulomb logarithm.
The time for electron-electron relaxation is twice that
for electron-positron relaxation. The times and length
scales in a RMS (in the absence of a subshock) are set by
tsc, and Equation (35) implies that electrons (and pairs)
maintain a local Maxwellian distribution.
The timescale for electron-proton relaxation is longer,
tep
tsc
≈
√
pi
2
Z±mp
me ln Λ
(
θe +
me
mp
θp
)3/2
≈ 120Z±θ3/2e ,
(36)
so that electrons may not have time to exchange energy
with the protons throughout the shock, depending on
the shock parameters. On the other hand, the heat ca-
pacity of the protons is extremely small compared with
that of radiation (due to the huge number of photons per
proton), and the exact details of their internal energy is
unimportant for the shock problem. We therefore con-
clude that the “single plasma” assumption is valid for
RMSs which propagate into unmagnetized, photon-rich
upstreams.
7.3. Neutrons
GRB jets can have a significant neutron component
(Derishev et al. 1999; Beloborodov 2003). Neutron me-
diated shock waves were discussed by B17. The cross-
section for nuclear collisions is smaller than the Thomson
cross-section, σn/σT ∼ 1/20, and the neutron mean free
path is therefore
λn/λ ∼ 20Z±/(1 + Zn), (37)
where Zn ≡ nn/np is the ratio of neutrons to protons in
the flow. The neutron mean free path is larger than the
photon mean free path (unless the flow is very neutron
rich with Zn > 20Z±), and the RMS can therefore exist
as a subshock inside a broader neutron mediated shock.
If the neutron component is small, Zn  1, then the
neutron shock acts as a weak precursor to the RMS, and
the RMS dissipates most of the energy.
In this work we considered a neutron-poor plasma
(Zn  1). In principle, neutrons could be simulated
as Monte Carlo particles along with the photons, al-
though additional numerical challenges are introduced.
Mildly relativistic neutron-proton collisions generate pi-
ons, which quickly decay into relativistic (γe ≈ mpi/me ∼
300) electron-positron pairs (Derishev et al. 1999). The
relativistic pairs subsequently launch a pair cascade (Be-
loborodov 2010; Vurm et al. 2011). The assumption of
thermal electrons is not valid in this case.
7.4. Observations of RMS spectra
The spectra presented in this work are the steady-state
shock spectra (as viewed from the downstream). RMSs
can only attain steady-state as long as the local opti-
cal depth is large (or, equivalently, the scattering time
is smaller than the jet expansion time). There is then
a qualitative difference between “deep” and “shallow”
shocks. Deep shocks dissipate most of their energy at
τ  1, while shallow shocks dissipate most of their en-
ergy at about τ . 10. Deep shocks are effectively pla-
nar. Shocked fluid elements continue to expand (and
perhaps will be shocked again) as they approach the pho-
tosphere. The shock-amplified photons continue to scat-
ter until they reach the photosphere and start stream-
ing freely. Scattering tends to “thermalize” the photon
spectrum, and the combination of scattering and expan-
sion leads to adiabatic energy losses. All pairs have time
to annihilate for shocks occuring at τ  1. Thus the
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escaping spectrum from a deep shock is expected to ap-
pear like a partially thermalized RMS spectrum which
has suffered adiabatic energy losses. A Wien spectrum
will be formed if the shock occured well inside the Wien
zone (Beloborodov 2013), where the thermal Compton
y-parameter is large, y ∼ τ ¯d  1. Furthermore, the ob-
served spectrum is necessarily integrated over the shock
downstream due to the short time variability of the flow
(Levinson 2012), and also likely composed of time inte-
gration over several shock episodes (Keren & Levinson
2014).
Shallow shocks can be significantly different and will
be studied in a separate paper (C. Lundman and A. M.
Beloborodov, in preparation). The planar approximation
is expected to break down when the local scattering time
becomes comparable to the expansion time (roughly at
τ . 10). A non-planar geometry causes the local comov-
ing radiation intensity to become beamed along the local
flow direction (Beloborodov 2011). The long scattering
time makes photons less efficient in mediating the shock,
and the flow is expected to try to develop a collisionless
subshock as the shock “breaks out” of the photosphere.
B17 pointed out that the shock will “dress” itself in pairs,
maintaining a significant optical depth even far outside
the nominal photosphere of the GRB jet. Non-planar,
time dependent numerical simulations are needed to fully
assess the details of GRB shock breakouts.
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APPENDIX
A. LAGRANGIAN HYDRODYNAMIC EQUATIONS
We here specialize Equations (1), (2) and (3) to planar, one-dimensional flows. We denote the spatial coordinate as
x. The equations for the conservation of proton number (Equation (2)), energy and momentum (Equation (1)) then
become
(Γρp),t + (Γβρp),x = 0, (A1)
(Γ2h− p),t + (Γ2hβ),x = G0, (A2)
and
(Γ2hβ),t + (Γ
2hβ2 + p),x = G
1, (A3)
respectively, where h ≡ ρ+ e+ p.
We now define Lagrangian coordinates, for which the partial time derivative is taken for a given fluid element as
opposed to at a fixed spatial coordinate; ∂/∂t → ∂/∂t − β∂/∂x and ∂/∂x → ∂/∂x. The spatial coordinate is then
replaced by the proton mass coordinate m, defined as
m ≡
x∫
xmin
Γρp dx
′, (A4)
so that ∂/∂x→ Γρp ∂/∂m. Re-writing Equations (A1), (A2) and (A3) in terms of the new coordinates gives
(Γρp),t + (Γρp)
2β,m = 0, (A5)
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(Γ2h− p),t + Γρp
[
βp,m + Γ
2hβ,m
]
= G0 (A6)
and
(Γ2βh),t + Γρp
[
p,m + Γ
2βhβ,m
]
= G1. (A7)
Finally, we introduce the lab frame volume, energy, and momentum per proton rest mass Vp, Ep, and Sp as new
variables,
Vp ≡ 1
Γρp
, (A8)
Ep ≡ Γ
2h− p
Γρp
, (A9)
Sp ≡ Γ
2βh
Γρp
. (A10)
Re-writing Equations (A5), (A6) and (A7), we obtain the one-dimensional, planar equations of special relativistic
Lagrangian hydrodynamics with energy and momentum source terms,
(Vp),t − β,m = 0, (A11)
(Ep),t + (pβ),m = VpG
0 (A12)
and
(Sp),t + p,m = VpG
1. (A13)
The Lagrangian equation for the pair loading is found by noting that Z± ≡ n±/np and (npuα);α = 0, so that
(n±uα);α = npuα(Z±);α = n˙±. Changing to Lagrangian coordinates, ∂t → ∂t−β∂x, we find the pair loading equation,
(Z±),t = mpVpn˙±. (A14)
